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Abstract: In this paper, we deal with the tracking control problem for a class of switched nonlinear systems in lower triangular
form subject to full state constraints. In order to prevent states from transgressing the constraints, we employ a Barrier Lyapunov
Function, which grows to infinity when its arguments approach domain boundaries. Based on the simultaneous domination
assumption, we design a continuous controller for the switched system. By ensuring boundedness of the Barrier Lyapunov
Function in the closed-loop, we guarantee that the limits are not violated. Furthermore, we show that asymptotic tracking is
achieved without violation of the constraints and all closed-loop signals remain bounded, when a mild requirement on the initial
condition is satisfied. Finally, the effectiveness of the proposed results is demonstrated using a simulation example.
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1 Introduction

Control systems usually need to deal with various lim-
its or constraints in the operation space. Such limits may
arise out of physical constraints imposed on the system by
its environmental regulations. They may also arise out of
performance requirements on the system. If the constraints
are destroyed during operation, then serious consequences
which may lead to performance degradation, hazards or sys-
tem damage probably happen. Therefore, the rigorous han-
dling of constraints in control design and analysis has at-
tracted many researchers from various fields in science and
engineering, due to theoretical challenges and importance in
real-world applications.

To handle constraints in linear or nonlinear systems, many
techniques have been presented over the last few years.
There are many results to tackle constraints for linear sys-
tems (see, e.g., [1-2]), most of which are based on the notions
of set invariance and admissible set control [3-4]. Model
Predictive Control that represents an effective control design
methodology for handling constraints has been investigated
in [5]. Besides, reference governors were employed to tackle
the problem of constraints in nonlinear systems [6]. The ap-
proaches mentioned above are numerical in nature or depend
heavily on computationally intensive algorithms to solve the
control problems. It is worth pointing out that Barrier Lya-
punov Functions which have been proposed in [7-8], can be
used to handle constraints.

On the other hand, switched systems have gained consid-
erable interest due to their significance both in theory and
applications [9-17]. Stability analysis and control synthe-
sis are two fundamental problems in the study of switched
systems [18-21]. [22] addressed the stabilization problem
for a class of switched nonlinear systems based on the back-
stepping technique. The robust tracking control problem for
switched systems has been investigated in [23-24]. How-
ever, control problems of switched systems with constraints
have been rarely addressed. A few exceptions are [25], in
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which time optimal control of integrator switched systems
with state constraints was considered, and [26], which devel-
oped a predictive control framework for a class of nonlinear
switched systems subject to state and control constraints.

In this paper, we investigate the problem of tracking con-
trol for a class of state-constrained switched nonlinear sys-
tems in lower triangular form. The proposed approach
exploits the property that a barrier function grows to in-
finity whenever its arguments approaches domain bound-
aries. By ensuring boundedness of the employed Barrier
Lyapunov Function in the closed-loop, we assure that the
constraints are not exceeded. Under the simultaneous domi-
nation assumption, we construct a continuous controller for
the switched system, which renders that asymptotic output
tracking is achieved with the limits are not transgressed and
all closed-loop signals keep bounded. Unlike the existing
results on tracking control problem, we handle the problem
with full state constraints for switched nonlinear systems by
applying a barrier function for each step of backstepping de-
sign.

Notations: We use the following notations throughout this
paper. R+ denotes the set of nonnegative real numbers, Rn

represents the n-dimensional real Euclidean vector space,
and ‖ • ‖ stands for the Euclidean vector norm. For posi-
tive integers i < j, we also denote x̄i = [x1, x2, · · · , xi]T ,
z̄i = [z1, z2, · · · , zi]T , zi:j = [zi, zi+1, · · · , zj ]T , ỹdi =
[yd, y

(1)
d , y

(2)
d , · · · , y

(i)
d ]T , respectively.

2 Problem Statement and Preliminaries

We consider a class of switched nonlinear systems have
the following lower triangular form:

ẋ1 = f
σ(t)
1 (x1) + x2,

· · ·
ẋi = f

σ(t)
i (x̄i) + xi+1,

· · ·
ẋn−1 = f

σ(t)
n−1(x̄n−1) + xn,

ẋn = fσ(t)
n (x̄n) + gσ(t)(x̄n)u,

y = x1, (1)



where x1, x2, · · · , xn are the states, u = [u1, u2, · · · , uq]T

∈ Rq and y ∈ R are the input and output respectively. σ(t)
is the switching signal, which takes its values in a finite
set Im = {1, 2, · · ·,m}; m > 1 is the number of subsys-
tems. For ∀i = 1, 2, · · · , n and k = 1, 2, · · · ,m, functions
fk

i , gk are smooth with fk
i (0) = 0 and gk(x̄n) is nonsingu-

lar for ∀x̄n ∈ Rn. The output is required to remain in the
set |xi| ≤ ci,∀t ≥ 0, where ci is a positive constant, for
∀i = 1, 2, · · · , n. As commonly assumed in the literature,
we exclude Zeno behavior for all types of switching signal
in this paper. In addition, we assume that the state of the
switched system (1) does not jump at the switching instants,
i.e., the trajectory x(t) is everywhere continuous.

Remark 1. The system (1) has a typical structure. For
non-switched case, this structure has been extensively inves-
tigated via the backstepping procedure. For switched case,
this structure has also been studied for constructing stabiliz-
ing controllers in [20, 22].

Assumption 1. For any c1 > 0, there exist posi-
tive constants B0, B0, A0, B1, B2, · · · , Bn satisfying
max{B0, B0} ≤ A0 < c1 such that the desired trajec-
tory yd(t) and its time derivatives satisfy −B0 ≤ yd(t) ≤
B0, |ẏd(t)| < B1, |ÿd(t)| < B2, · · · , |y(n)

d (t)| < Bn,∀t ≥
0.

Assumption 2. The functions gk(x̄n) = [gk,1(x̄n),
gk,2(x̄n), · · · , gk,q(x̄n)], k = 1, 2, · · · ,m are known. Fur-
ther, for ∀j ∈ {1, 2, · · · , q}, assume that mink∈{1,2,··· ,m}
gk,j(x̄n) ≥ 0,∀xn ∈ Rn or maxk∈{1,2,··· ,m} gk,j(x̄n) ≤
0,∀xn ∈ Rn. For ease of analysis, denote

M = {j ∈ {1, 2, · · · , q}|mink∈{1,2,··· ,m}gk,j(x̄n) ≥ 0},
F = {j ∈ {1, 2, · · · , q}|j /∈ M}. (2)

The objective of this paper is formulated as follows: track
a desired trajectory yd(t) while guaranteeing that all closed-
loop signals are bounded and that the state constraints are not
violated. In order to avoid the violation of the constraints,
we employ a Barrier Lyapunov Function with the following
definition.

Definition 1. [8] A Barrier Lyapunov Function is a scalar
function V (x), defined with respect to the system ẋ = f(x)
on an open region D containing the origin, that is con-
tinuous, positive definite, has continuous first-order partial
derivatives at every point of D, has the property V (x) →∞
as x approaches the boundary of D, and satisfies V (x) ≤
b,∀t ≥ 0 along the solution ẋ = f(x) for x(0) ∈ D and
some positive constant b.

We shall present the following lemma which establishes a
result of barrier function and will be used in the development
of the main results.

Lemma 1. For any positive constants bi, i = 1, 2, · · · , n,
let Z = {z̄n ∈ Rn : |zi| < bi, i = 1, 2, · · · , n} ⊂ Rn, be an
open set. Consider the switched system:

ż = hi(t, z), i ∈ Im, (3)

where hi : R+ × Z → Rn is piecewise continuous in t and
locally Lipschitz in z, uniformly in t, on R+×Z. We assume
that the state of the switched system (3) does not jump at the
switching instants. Let Zi = {zi ∈ R : |zi| < bi} ⊂
R. Suppose that there exist functions Vi : zi → R+, i =

1, 2, · · · , n continuously differentiable and positive definite
in their respective domains, such that

Vi(zi) →∞, as zi → −bi or zi → bi. (4)

Let V (z) =
n∑

i=1

Vi(zi) and zi(0) ∈ Zi. If the inequality

V̇ =
∂V

∂z
hi < 0, ∀z 6= 0, i ∈ Im (5)

holds, then under arbitrary switching laws, zi(t) ∈ Zi,∀t ∈
[0,∞).

Proof: The conditions on hi and the trajectory z of the
system (3) is continuous at the switching instants ensure the
existence and uniqueness of the solution z(t) on the time
interval [0, τmax), according to [27, p.476 Theorem 54]. This
implies that V (z(t)) exists for ∀t ∈ [0, τmax).

From the fact that zi(0) ∈ Zi, i = 1, 2, · · · , n, we know
that Vi(zi(0)) and V (z(0)) exist. Since V (z) is positive def-
inite and V̇ < 0, we obtain that V (z(t)) < V (z(0)) for

∀t ∈ [0, τmax). Because V (z) =
n∑

i=1

Vi(zi) and the fact that

Vi(zi), i = 1, 2, · · · , n are positive functions, it is clear that
Vi(zi) is also bounded for ∀t ∈ [0, τmax). Since Vi(zi) →∞
only if zi → ±bi, we conclude from the boundedness of
Vi(zi) that |zi| < bi, i = 1, 2, · · · , n, ∀t ∈ [0, τmax).

Therefore, there is a compact subset K ⊆ X such that the
solution of (3) satisfies z(t) ∈ K for ∀t ∈ [0, τmax). As a
direct consequence of [27, p.481 Proposition C.3.6], we can
infer that z(t) ∈ K is established for ∀t ∈ [0,∞). It follows
that zi(t) ∈ (−bi, bi), i = 1, 2, · · · , n, ∀t ∈ [0,∞). In addi-
tion, it is clear that V (z) is a common Lyapunov function for
the switched system (3), then the result holds under arbitrary
switchings.

Remark 2. In Lemma 1, all the states zi, i = 1, 2, · · · , n
are subjected to certain limits, in this case, we apply an ap-
propriate barrier function for each state to avoid the violation
of the limits.

Lemma 2. [28] (Barbalat’s Lemma) Consider a differen-
tiable function h(t). If limt→∞ h(t) is finite and ḣ(t) is uni-
formly continuous, then limt→∞ ḣ(t) = 0.

3 Main Results

In this section, the control design is based on the simulta-
neous domination condition with a barrier function in each
step of the backstepping procedure.

Denote z1 = x1 − yd and zi = xi − φi−1, i = 2, · · · , n.
Consider the Lyapunov function candidate:

V i(z̄i) =
i∑

l=1

Vl(zl), Vi(zi) =
1
2

log
b2
i

b2
i − z2

i

, (6)

where b1 = c1 − A0, φi−1, i = 2, · · · , n are the common
virtual controls, and bi, i = 2, · · · , n are positive constants
to be determined from subsequent feasibility analysis. It is

easy to know that V n(z̄n) =
n∑

i=1

Vi(zi) is positive definite

and C1 continuous when |zi| < bi, and thus a valid Lya-
punov function candidate.

Step 1. Consider the following collection of auxiliary
first-order subsystems:

ż1 = fk
1 (x1) + x2 − ẏd, k = 1, 2, · · · ,m. (7)



With the candidate Lyapunov function V1(z1) and taking
x2 as the virtual control, we say that these first-order sub-
systems are simultaneously dominatable if there exists a dif-
ferentiable feedback law φ1(x1, z1, ỹd1) = φ∗1(x1, yd) + ẏd

such that, along the solutions of the subsystems in (7),

V̇ (z1) =
z1ż1

b2
1 − z2

1

=
z1(φ∗1(x1, yd) + fk

1 (x1))
b2
1 − z2

1

< 0,

∀z1 6= 0, k = 1, 2, · · · ,m. (8)

Define

dk
1(x1, z1, ỹd1) =

z1(φ∗1(x1, yd) + fk
1 (x1))

b2
1 − z2

1

,

k = 1, 2, · · · ,m. (9)

With V1(z1), the control design for the first step is com-
pleted if a simultaneously dominating feedback law x2 =
φ1(x1, z1, ỹd1) is found.

Step i (for i = 2, · · · , n− 1). Consider the collection of
auxiliary ith-order subsystems:

ż1 = fk
1 (x1) + z2 + φ∗1(x1, yd),

· · ·

żi = fk
i (x̄i) + xi+1 −

i−1∑

j=1

∂φi−1

∂xj
(xj+1 + fk

j (x̄j))

−
i−1∑

j=0

∂φi−1

∂y
(j)
d

y
(j+1)
d ,

k = 1, 2, · · · ,m. (10)

With the candidate Lyapunov function V i(z̄i) and taking
xi+1 as the virtual control, we say that the ith-order subsys-
tems are simultaneously dominatable if there exists a contin-
uously differentiable feedback law xi+1 = φi(x̄i, z̄i, ỹdi),
such that along the solutions of the subsystems in (10),

V̇ i(z̄i) =
z1ż1

b2
1 − z2

1

+
i∑

j=2

zj żj

b2
j − z2

j

= dk
j (x̄j , z̄j , ỹdj

) < 0,

∀z̄i 6= 0, k = 1, 2, · · · ,m, (11)

where, for j = 2, · · · , i,

dk
j (x̄j , z̄j , ỹdj

) = zj(
zj−1

b2
j−1 − z2

j−1

+
1

b2
j − z2

j

(φj + fk
j (x̄j)

−
j−1∑

l=1

∂φj−1

∂xl
(xl+1 + fk

l (x̄l))−
j−1∑

l=0

∂φj−1

∂y
(l)
d

y
(l+1)
d )).

With the constructed V i (z̄i), the control design for the ith
step is completed if a simultaneously dominating feedback
law xi+1 = φi (x̄i, z̄i, ỹdi) is found.

By using repeatedly the inductive argument above, we say
that the subsystems of (1) are simultaneously dominatable if
the control design for the (n − 1)th step can be completed.
Then, we construct a controller for the final step.

Step n. The derivative of V n along the trajectory of the

kth subsystem is

V̇ n =
z1ż1

b2
0 − z2

1

+
n∑

i=2

ziżi

b2
i − z2

i

=
n−1∑

i=1

dk
i + zn(

zn−1

b2
n−1 − z2

n−1

+
1

b2
n − z2

n

(fk
n(x̄n)

+ gk(x̄n)u−
n−1∑

j=1

∂φn−1

∂xj
(xj+1 + fk

j (x̄j))−
n−1∑

j=0

∂φn−1

∂y
(j)
d

y
(j+1)
d ))

= ak(x̄n, z̄n, ỹdn
) + bk(x̄n, z̄n)u, (12)

where

ak =
n−1∑

i=1

di,k + zn(
zn−1

b2
n−1 − z2

n−1

+
1

b2
n − z2

n

(fk
n(x̄n)

−
n−1∑

j=1

∂φn−1

∂xj
(xj+1 + fk

j (x̄j))−
n−1∑

j=0

∂φn−1

∂y
(j)
d

y
(j+1)
d )),

bk =
zn

b2
n − z2

n

gk(x̄n). (13)

In view of the above discussions and the simultane-
ous domination condition, a continuous controller for the
switched systems (1) can be constructed as follows:

u = [u1, u2, · · · , uq], (14)

where

uj =





mini∈{1,2,··· ,m}{pi,j}, if zn > 0,
maxi∈{1,2,··· ,m}{pi,j}, if zn < 0, for j ∈ M,
0, if zn = 0,

(15)

and

uj =





maxi∈{1,2,··· ,m}{pi,j}, if zn > 0,
mini∈{1,2,··· ,m}{pi,j}, if zn < 0, for j ∈ F,
0, if zn = 0,

(16)

with

pk = [pk,1, pk,2, · · · , pk,q]T

=

{
−bk

max{ak+bkbT
k ,0}

bkbT
k

, if zn 6= 0,

0, if zn 6= 0.
(17)

Lemma 3. Consider the switched system (1). Suppose
that the subsystems of (1) are simultaneously dominatable.
Then, the continuous controller (14) can be constructed such
that along the solutions of all the closed-loop subsystems

V̇ (z̄n) < 0, ∀z̄n 6= 0 (18)

holds, where V n(z̄n) is the Lyapunov function obtained in
(6).

Proof: For the sake of simplicity, we rewrite the switched
system (1) as

ẋ = f̂k(x) + ĝk(x)u, k = 1, 2, · · · ,m. (19)



In what follows, we will show that, for ∀k = 1, 2, · · · ,m,

∂V (z̄n)
∂z̄n

(f̂k(x) + ĝk(x)u) = ak + bku < 0,∀z̄n 6= 0.

(20)

1. For zn = 0. In this case, bk = 0, u = 0, and

ak + bku = ak < 0, k = 1, 2, · · · ,m. (21)

2. For zn > 0. In this case, by the definitions of (15) and
(16), we have

uj =
{

mini∈{1,2,··· ,m}{pi,j}, j ∈ M,
maxi∈{1,2,··· ,m}{pi,j}, j ∈ F.

(22)

If j ∈ M, then bk,j ≥ 0. Therefore, we have bk,juj =
bk,j mini∈{1,2,··· ,m}{pi,j} ≤ bk,jpk,j . Similarly, if j ∈ F ,
we have bk,juj ≤ bk,jpk,j . Therefore,

ak + bku = ak +
∑

i∈M

bk,iui +
∑

j∈F

bk,juj ≤ ak +
q∑

j=1

bk,jpk,j

= ak + bkpk =
{ −bkbT

k , ak + bkbT
k ≥ 0,

ak, ak + bkbT
k < 0,

< 0, k = 1, 2, · · · ,m. (23)

3. For zn < 0. Similarly, in this case we can show that

uj =
{

maxi∈{1,2,··· ,m}{pi,j}, j ∈ M,
mini∈{1,2,··· ,m}{pi,j}, j ∈ F.

(24)

and

ak + bkuk < 0, k = 1, 2, · · · ,m. (25)

The above discussions show that, for ∀k = 1, 2, · · · ,m,

∂V n(z̄n)
∂z̄n

(
f̂k (x) + ĝk (x) u

)
< 0, ∀z̄ 6= 0, (26)

and then V n(z̄n) is a common Lyapunov function for all sub-
systems of (1).

We are now in a position to show the main results of this
paper.

Theorem 1. Consider the closed-loop system (1), (14) un-
der Assumptions 1-2. Let Ai be an upper bound for φi in
compact set Ωi:

Ai ≥ sup
(x̄i,z̄i,ỹdi)∈Ωi

|φi (x̄i, z̄i, ỹdi
)| , i = 1, · · · , n− 1,

(27)

where Ωi = {x̄i ∈ Ri, z̄i ∈ Ri, ỹdi ∈ Ri+1 : |xj | ≤ Dzj +
Aj−1, |zj | ≤ Dzj , |yd| < A0, |y(j)

d | ≤ Bj , j = 1, · · · , i},
Dzj

= bj

√
1− Πn

k=1(b2k−z2
k(0))

Πn
k=1b2k

, i = 1, · · · , n − 1. Given

that the following conditions are satisfied:
(1) ci > Ai + bi holds for ∀i = 1, 2, · · · , n− 1;
(2) the initial conditions z̄n(0) belong to the set Ωz0 =
{z̄n ∈ Rn : |zi| < bi, i = 1, · · · , n} ;
then the closed-loop system of (1) has the following proper-
ties under arbitrary switchings.

(i) The signals zi(t), i = 1, 2, · · · , n, remain in the com-
pact set Ωz = {z̄n ∈ Rn : |zi| < Dzi , i = 1, 2, · · · , n}.

(ii) Every state xi(t) remains in the set Ωx = {x̄n ∈ Rn :
|xi| < Dzi

+Ai−1 < ci, i = 1, · · · , n}, ∀t ≥ 0, i.e., the full
state constraints are never violated.

(iii) All closed-loop signals are bounded.
(iv) The output tracking error z1(t) converges to zero

asymptotically, i.e., y(t) → yd(t) as t →∞.

Proof: (i) From V̇ n < 0, it is clear that V n(t) <
V n(0),∀t ≥ 0. Since z2

i (0) < b2
i from condition (2), we

have that V n(0) ≤
n∑

i=1

1
2 log b2i

b2i−z2
i (0)

, which means

1
2

log
b2
i

b2
i − z2

i

<
n∑

i=1

1
2

log
b2
i

b2
i − z2

i (0)
. (28)

for i = 1, · · · , n. Using the identity log a + log b = log ab,
we rewrite (28) into the following

log
b2
i

b2
i − z2

i

< log
Πn

i=1b
2
i

Πn
i=1 (b2

i − z2
i (0))

(29)

for i = 1, · · · , n. Furthermore, we obtain from Lemma 1
that b2

i−z2
i (t) > 0,∀t ≥ 0. Then, the (29) can be rearranged

to yield |zi (t)| < Dzi
,∀t ≥ 0.

(ii) Since |z1 (t)| < Dz1 < c1 −A0, we obtain

|x1 (t)| < Dz1 + |yd (t)| < c1 −A0 + |yd (t)| . (30)

Noting that |yd (t)| < A0 from Assumption 1, we therefore
conclude that |x1 (t)| < Dz1 + A0 < c1,∀t ≥ 0.

To show that |x2 (t)| < c2, we first verify that there exists
a positive constant A1 such that |φ1 (t)| ≤ A1,∀t > 0. Since
|x1 (t)| < Dz1 + A0, |z1 (t)| ≤ Dz1 , and |ẏd (t)| ≤ B1,
it is clear that (x1 (t) , z1 (t) , ỹd1 (t)) ∈ Ω1, and thus, the
stabilizing function φ1 is bounded since it is a continuous
function. As a result, sup(x1,z1,ỹd1)∈Ω1

|φ1 (x1, z1, ỹd1)| ex-
ists, and an upper bound A1 can be found. Then, from
|z2 (t)| ≤ Dz2 < b2, we can show that

|x2 (t)| ≤ Dz2 + |φ1 (t)| < b2 + |φ1 (t)| . (31)

Since |φ1 (t)| < A1, we infer that |x2 (t)| ≤ Dz2 + A1 <
b2 + A1 < c2,∀t ≥ 0.

We can progressively show that |xi+1 (t)| ≤ ci+1, i =
2, · · · , n − 1, after verifying that there exist positive con-
stants Ai such that |φi (t)| ≤ Ai,∀t ≥ 0. Since |xi (t)| ≤
Dzi

+ Ai−1, |zi (t)| ≤ Dzi
and

∣∣∣y(i)
d (t)

∣∣∣ ≤ Yi, it
is clear that (x̄i (t) , z̄i (t) , ỹdi

(t)) ∈ Ωi, and thus, the
stabilizing function φi is bounded since it is a continu-
ously differentiable function. As a result, we have that
sup(x̄i,z̄i,ỹi)∈Ωi

|φi (x̄i, z̄i, ỹi)| exists, and an upper bound
Ai can be found. Then, from |zi (t)| ≤ Dzi

< bi, we can
show that |xi+1 (t)| < Dzi+1 + |φi (t)| < bi + |φi (t)|. Since
|φi (t)| ≤ Ai, we have that |xi+1 (t)| < Dzi+1 + Ai <
bi + Ai < ci,∀t ≥ 0.

(iii) It is clear that stabilizing functions φi (x̄i, z̄i, ỹi) and
control un (x̄n, z̄n, ỹdn

) are bounded, by virtue of the bound-
edness of x̄n, z̄n and ỹdn

. Thus, all closed-loop signals are
bounded.

(iv) Based on the fact that x̄i (t) , z̄i (t) , i = 1, 2, · · · , n
are bounded, it can be shown from the discussion above that



V̈ is bounded, which implies that V̇ is uniformly continuous.
Then, by Lemma 2, we obtain that zi(t) → 0 as t → 0.
Since z1(t) = x1(t) − yd(t) and y(t) = x1(t), we finally
have y(t) → yd(t) as t →∞.

4 Simulation Results

In this section, we present simulation study to illustrate
the effectiveness of the proposed results.

Example 1. Consider the switched nonlinear system:




ẋ1 = f
σ(t)
1 (x1) + x2,

ẋ2 = f
σ(t)
2 (x̄2) + gσ(t) (x̄2)u,

y = x1, σ (t) : [0,∞) → {1, 2},
(32)

where f1
1 (x1) = 2x1−0.4, f1

2 (x̄2) = x2
1(1+x2

2), f
2
1 (x1) =

0, f2
2 (x̄2) = 6x3

1x
2
2, g

1(x̄2) = [−2x2
1x

2
2, 1], g2(x̄2) =

[− cos2(x1 + x2), 1.5 − sin(x2)]. The objective is for y (t)
to track the desired trajectory yd = 0.2, subject to full state
constraints |x1| < c1 = 0.5, |x2| < c2 = 2.3.

First of all, from (6), we have b1 = 0.3. By defining
z1 = x1 − 0.3 and with V1 = 1

2 log 0.09

(0.09−z2
1)

, we can show

that φ1 = −3x1 + 0.6 is a dominating feedback law for the
auxiliary first-order subsystems. In this case

d1
1 = −z2

1 , d2
1 = −3z2

1 . (33)

Furthermore, we can check that A1 = 2.7, b2 = 0.2. De-
fine z2 = x2 − φ1, then we construct V2 = 1

2 log 0.04

(0.04−z2
1)

.

Thus, V = V1 +V2 is a common Barrier Lyapunov Function
(BLF) for (32). For k = 1, 2, let

ak =d1
k + z2[

z1

0.09− z2
1

+
1

0.04− z2
2

(fk
2 (x̄2)− ∂φ1

∂x1
(x2

+ fk
1 (x̄1)))],

bk =
z2

0.04− z2
2

gk (x̄2) . (34)

It is clear that M = {2}, F = {1}. From (14)-(17), we
can obtain the following controller:

u = [u1, u2]T (35)

with

u1 =





mini∈{1,2} {pi,1} , if z2 > 0,
maxi∈{1,2} {pi,1} , if z2 < 0,
z2 = 0, if z2 = 0,

(36)

and

u2 =





maxi∈{1,2} {pi,2} , if z2 > 0,
mini∈{1,2} {pi,2} , if z2 < 0,
z2 = 0, if z2 = 0,

(37)

where

pk (x̄2, ỹd2) = [pk,1 (x̄2, ỹd2) pk,2 (x̄2, ỹd2)]

=

{
−bT

k

max{ak+bkbT
k ,0}

bkbT
k

, if z2 6= 0,

0, if z2 6= 0.

(38)

With x1 (0) = 0.49 and x2 (0) = −1.3, Fig. 1 shows
that asymptotic tracking performance is achieved, and the
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Fig. 1: Output tracking for the desired signal yd = 0.2.
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Fig. 2: The state x2 of the switched system (32).

output stays strictly within the set (−0.5, 0.5) when the BLF
is used. Fig. 2 shows the state variable x2 of the switched
system (32). The given switching signal for the switched
system are shown in Fig. 3. Moreover, with various initial
values of z1, Fig. 4 indicates that the error z1 converge to 0
while remaining in the set (−0.3, 0.3),∀t ≥ 0.

5 Conclusions

In this paper, we has presented control design for state-
constrained switched nonlinear systems in lower triangular
form to achieve output tracking, based on the use of Barrier
Lyapunov Functions. By ensuring boundedness of the em-
ployed Barrier Lyapunov Functions in the closed-loop, we
guarantee that the limits are not transgressed. Furthermore,
asymptotic output tracking is achieved without violation of
the constraints and that all closed-loop signals are bounded,
provided that some feasibility initial conditions. In contrast
to the existing results, we have considered the issue of out-
put tracking control with full state constraints, for the first
time, for switched nonlinear systems. Finally, an example
has been provided to illustrate the effectiveness of our re-
sults.
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Fig. 3: The switching signal for the switched system (32).
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Fig. 4: Tracking error z1 for various initial values satisfying
|z1 (0)| < 0.3.

References
[1] D. Liu, A. N. Michel, Dynamical Systems with Saturation

Nonlinearities. London, U.K.: Springer-Verlag, 1994.
[2] A. Saberi, J. Han, A. A. Stoorvogel, Constrained stabilization

problems for linear plants, Automatica, 38(4): 639-654, 2002.
[3] F. Blanchini, Set invariance in control, Automatica, 35(11):

1747-1767, 1999.
[4] E. G. Gilbert, K. T. Tan, Linear systems with state and con-

trol constraints: The theory and application of maximal output
admissible sets, IEEE Trans. Automat. Control, 36(9): 1008-
1020, 1991.

[5] D. Q. Mayne, B. Rawlings, C. V. Rao, P. O. Scokaert, Con-
strained model predictive control: Stability and optimality, Au-
tomatica, 36(6): 789-814, 2000.

[6] K. Kogiso, K. Hirata, Reference governor for constrained sys-
tems with time-varying references, Robotics and Autonomous
Systems, 57(3): 289-295, 2009.

[7] K. B. Ngo, R. Mahony, Z. P. Jiang, Integrator backstepping
using barrier functions for systems with multiple state con-
straints, in Proceedings of the 44th Conf. Decision and Control,
8306-8312, 2005.

[8] K. P. Tee, S. S. Ge, E. H. Tay, Barrier Lyapunov Functions for
the control of output-constrained nonlinear systems, Automat-
ica, 45(4): 918-927, 2009.

[9] D. Liberzon, J. P. Hepspanha, A. S. Morse, Stability of
switched systems: A Lie-algebraic condition, Syst. Control
Lett, 37(3): 117-122, 1999.

[10] G. M. Xie, L. Wang, Controllability and stabilizability of
switched linear-systems, Systems and Control Letters, 48(2):
135-155, 2003.

[11] S. W. Zhao, J. T. Sun, A geometric approach for reachability
and observability of linear switched impulsive systems, Non-
linear Analysis: Theory, Methods and Applications, 72(11):
4221-4229, 2010.

[12] F. Long, S. M. Fei, Z. M. Fu, S. Y. Zheng, W. Wei, H∞ con-
trol and quadratic stabilization of switched linear systems with
linear fractional uncertainties via output feedback, Nonlinear
Analysis: Hybrid Systems, 2(1): 18-27, 2008.

[13] Z. R. Xiang, Y. N. Sun, Q. W. Chen, Robust reliable stabiliza-
tion of uncertain switched neutral systems with delayed switch-
ing, Applied Mathematics and Computation, 217(23): 9835-
9844, 2011.

[14] H. Yang, V. Cocquempot, B. Jiang, On stabilization of
switched nonlinear systems with unstable modes, Systems and
Control Letters, 58(10-11): 703-708, 2009.

[15] M. S. Branicky, Multiple Lyapunov functions and other anal-
ysis tools for switched and hybrid systems, IEEE Trans. Au-
tomat. Control, 43(4): 475-482, 1998.

[16] W. M. Xiang, J. Xiao, M. N. Iqbal, Robust observer design
for nonlinear uncertain switched systems under asynchronous
switching, Nonlinear Analysis: Hybrid Systems, 6(1): 754-
773, 2012.

[17] G. S. Zhai, X. P. Xu, H. Lin, A. N. Michel, Analysis and de-
sign of switched normal systems, Nonlinear Analysis: Theory,
Methods and Applications, 65(12): 2248-2259, 2006.

[18] W. A. Zhang, L. Yu, Stability analysis for discrete-time
switched time-delay systems, Automatica, 45(10): 2265-2271,
2009.

[19] L. X. Zhang, H. J. Gao, Asynchronously switched control of
switched linear systems with average dwell time, Automatica,
46(5): 953-958, 2010.

[20] R. C. Ma, J. Zhao, Backstepping design for global stabiliza-
tion of switched nonlinear systems in lower triangular form un-
der arbitrary switchings, Automatic, 46(11): 1819-1823, 2010.

[21] Z. D. Sun, S. S. Ge, Analysis and synthesis of switched linear
control systems, Automatica, 41(2): 181-195, 2005.

[22] J. L. Wu, Stabilizing controllers design for switched nonlin-
ear systems in strict-feedback form, Automatica, 45(4): 1092-
1096, 2009.

[23] Q. K. Li, J. Zhao, G. M. Dimirovski, Robust tracking con-
trol for switched linear systems with time-varying delays, IET
Control Theory and Applications, 2(6): 449-457, 2008.

[24] L. Yu, S. M. Fei, X. Li, Robust adaptive neural tracking con-
trol for a class of switched affine nonlinear systems, Neuro-
computing, 73(10-12): 2274-2279, 2010.

[25] X. P. Xu, P. J. Antsaklis, On time optimal control of integrator
switched systems with state constraints, Nonlinear Analysis:
Theory, Methods and Applications, 62(8): 1453-1465, 2005.

[26] P. Mhaskar, N. H. El-Farra, P. D. Christofides, Predictive con-
trol of switched nonlinear systems with scheduled mode tran-
sitions, IEEE Trans. Automat. Control, 50(11): 1670-1680,
2005.

[27] E. D. Sontag, Mathematical control theory. In Texts in Ap-
plied Mathematics: Vol. 6. Deterministic finite-dimensional
systems (2nd ed.). New York: Springer Verlag, 1998.

[28] J. E. Slotine, W. Li, Applied Nonlinear Control. Englewood
Cliff, NJ: Prentice-Hall, 1991.


